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Numerical optimization path
3 different starting points
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Given choice data

m Discrete choice of decider n: y,, € {1,...,J}
m Matrix of (alternative- or decider-specific) covariates of n: X, € R7*F
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Given choice data

m Discrete choice of decider n: y,, € {1,...,J}
m Matrix of (alternative- or decider-specific) covariates of n: X, € R7*F

Probit model
U,=X,8+¢, €R/ (Latent utilities)
€, ~ N ;(0,%) (Error term)
Y, = argmax U, (Choice link)

What we want? Estimates 3 (mean sensitivities) and 3 (error characterization).
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The probit model (like any utility model) must be normalized:

Scale normalization

nU>U & c-U>c-U VceR,
m For identification, fix, e.g., one entry of 3 to 1 (determines ¢)
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_msmsin’ Model normalization EHE

eeeeeeeee

The probit model (like any utility model) must be normalized:

Scale normalization

nU>U & c-U>c-U VceR,
m For identification, fix, e.g., one entry of 3 to 1 (determines ¢)

Level normalization

s U>U & U+k>U +k YVEeER

m Consider utility differences: U > U’ < (U + k) — (U" + k) > 0 (cancels k)
m Note: we loose one dimension (J ~» J — 1)
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Difference utility vector U, € R” with respect to some reference alternative i:
AU, € R/
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Difference utility vector U, € R” with respect to some reference alternative i:
AU, € R/

Note that (choosing i = y,,):
A, U, <0.
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Difference utility vector U, € R” with respect to some reference alternative i:

AU, € R/

A, U, <0.

Note that (choosing i = y,,):
The difference operator looks like this:
)
1 —1
—1
A=l 1 1 -1
it -1
0 —1
—1
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Probability for choosing alternative i:

P..(B,X) =Prob(A,U, <0) =, (—A,X,0]0,A,XA])
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Probability for choosing alternative i:

P..(B,X) =Prob(A,U, <0) =, (—A,X,0]0,A,XA])

Computation expensive

Log-likelihood function:

log £(8,% Z logP,, (8,%)
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Probability for choosing alternative i:

P..(B,X) =Prob(A,U, <0) =, (—A,X,0]0,A,XA])

Computation expensive

Log-likelihood function:

log £(8,% Zloany (8,%)

Find MLE: L
(6,%) = argmaxlog £(5, %)
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wEw  Optimization problem ERE
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Probability for choosing alternative i:

P..(B,X) =Prob(A,U, <0) =, (—A,X,0]0,A,XA])

Computation expensive

Log-likelihood function:

log £(8,% ZIOany (8,%)

Find MLE: L
(B,%) = argmaxlog £ (8, %)

Note: instead of ¥, optimize over L with ¥ = LL’, where L is the lower-triangular Cholesky
root with positive diagonal entries (for uniqueness)
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Let's initialize 5.
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Let's initialize B. ldea:
1. Assume that ¥ is known (if unknown, set ¥ = 17*7)

2. Consider first-order Taylor approximation of P, . around O:

P.(-AX,B|%X)=P,0|X)+VP,.(0]%) (-AX,6)+R

3. Since E(y,, | ) = P,.(—A.X,( | X):

(not a catch-22!)

n

X

n

4. Compute OLS estimator BOLS (very fast, just matrix product and inverting)
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And what about X7
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And what about X7

Trigger warning
Bayes people, please cover your eyes. Abuse of Bayes idea incoming.
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And what about X7

Trigger warning

Bayes people, please cover your eyes. Abuse of Bayes idea incoming.

Idea:

1. Assume that f is known (if unknown, set 8 = BOLS)
2. Consider posterior of model parameters, including augmented (U,,),,:

Prob(3,%,U | y) x Prob(3,X) - Prob(U | 8, %) - 1{y,, = argmaxU,, }

3. Assume conjugate prior and draw from posterior using Gibbs sampling (fairly fast)

4. Find iMCMC’ as marginal posterior mode
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Algorithm:
1. Initialize ¥ = 1777
2. Estimate BOLS using OLS
3. Estimate 3,,02,0 via MCMC
4

Hope:

m with Step 2 and 3, we initialize MLE close at the global optimum

m so that 4 is faster and more likely converges
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S Simulation results €|~/

Settings: N =200, J =4, P =4, X, %4 N(0,1)7*F
True parameter: 3~ N(0,1)¥, 3y =1, X =LL ~W!

Compare: Random initialization versus strategy in terms of computation time (sec) and
deviation of MLE from true parameter (ndev)
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Simulation results

Settings: N =200, J =4, P=4, X,, ¥ N

(0.1)77

True parameter: 3~ N(0,1)¥, 3y =1, X =LL ~W!

Compare: Random initialization versus strategy in terms of computation time (sec) and

deviation of MLE from true parameter (ndev)

Table 1: One example run.

_1 b_2 b_3 b_4 I_1 I_2 I_3 I_4 I_5 I_6 sec  ndev
true__par 1 0.57 -1.10 1.17 246 -0.04 -0.13 238 0.10 1.13 0.00 0.00
init_random 1 -0.10 1.15 -0.91 0.23 -0.17 -0.91 0.78 -0.27  0.95 0.00 0.43
est_random 1 0.69 -1.14 136 210 -1.25 -0.32 1.48 0.38 0.92 487.14 0.16
init_strategy 1 0.87 -1.28 125 199 -122 -036 072 -052 0.66 1.20 0.23
est_strategy 1 0.69 -1.14 1.36 210 -1.25 -0.32 1.48 0.38 0.92 101.37 0.16
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Improvement of computation time
Strategy yields faster MLE in 79 of 100 cases
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Improvement of convergence to global optimum
Strategy has same or smaller deviation in 98 of 100 cases
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The {ino} R package
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m Joint work with Marius

m Implements strategies for the initialization of numerical optimization:
® effect of random initialization versus fixed initialization

effect of standardizing covariates

effect of subsetting covariates

effect of alternating optimization

comparing optimizer

number of identified optima

m Available on CRAN

> library("ino"
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> x <- setup_ino(

+ £ = f_ackley,

+ npar = 2,

+ global = ¢(0,0),

+ opt = set_optimizer_nlm()
+)

## Function to be optimized
## f: f_ackley

## npar: 2

#Hi

## Numerical optimizer

## 'stats::nlm': <optimizer 'stats::nlm'>
##

## Optimization runs

## Records: 0
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> random_initialization(x) %>% get_vars(vars = ".estimate")

## [1] 2.82139e-07 -1.75042e-07
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SR Random initialization EHE
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> random_initialization(x) %>% get_vars(vars = ".estimate")

## [1] 2.82139e-07 -1.75042e-07

> x <- random_initialization(

+ x, runs = 100, ncores = 3,

+ sampler = function() stats::rnorm(npar(x))
o

)
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Random initialization

> random_initialization(x) %>% get_vars(vars

## [1]

2.82139e-07 -1.75042e-07

> x <- random_initialization(

+
+
+)

X, runs

100, ncores = 3,
sampler = function() stats::rnorm(npar(x))

> overview_optima(x, digits = 2)

##
##
##
##
##
##
##

OO WN -

optimum frequency

~N o owN

0

.58
.57
.38
.56
.96

44
36
12

= =0
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Key message:

m MLE for probit model is
sensitive to initial values

m Regression + MCMC
reduce computation time

m {ino} provides universal
initialization strategies

<. loelschlaeger.de/talks

Thanks for list

Open questions:

m Consistency of strategy?

m How to initialize
parameters of m
distribution?

]

ening!

Please let me know:

m How is initialization an
issue for you?

m Thoughts on {ino}?

m Other ideas for
initialization?

ixing

loelschlaeger@uni-bielefeld.de


https://loelschlaeger.de/talks
mailto:loelschlaeger@uni-bielefeld.de

	The initialization problem
	The probit model
	New initialization idea
	The package

	anm2: 
	2.417: 
	2.416: 
	2.415: 
	2.414: 
	2.413: 
	2.412: 
	2.411: 
	2.410: 
	2.409: 
	2.408: 
	2.407: 
	2.406: 
	2.405: 
	2.404: 
	2.403: 
	2.402: 
	2.401: 
	2.400: 
	2.399: 
	2.398: 
	2.397: 
	2.396: 
	2.395: 
	2.394: 
	2.393: 
	2.392: 
	2.391: 
	2.390: 
	2.389: 
	2.388: 
	2.387: 
	2.386: 
	2.385: 
	2.384: 
	2.383: 
	2.382: 
	2.381: 
	2.380: 
	2.379: 
	2.378: 
	2.377: 
	2.376: 
	2.375: 
	2.374: 
	2.373: 
	2.372: 
	2.371: 
	2.370: 
	2.369: 
	2.368: 
	2.367: 
	2.366: 
	2.365: 
	2.364: 
	2.363: 
	2.362: 
	2.361: 
	2.360: 
	2.359: 
	2.358: 
	2.357: 
	2.356: 
	2.355: 
	2.354: 
	2.353: 
	2.352: 
	2.351: 
	2.350: 
	2.349: 
	2.348: 
	2.347: 
	2.346: 
	2.345: 
	2.344: 
	2.343: 
	2.342: 
	2.341: 
	2.340: 
	2.339: 
	2.338: 
	2.337: 
	2.336: 
	2.335: 
	2.334: 
	2.333: 
	2.332: 
	2.331: 
	2.330: 
	2.329: 
	2.328: 
	2.327: 
	2.326: 
	2.325: 
	2.324: 
	2.323: 
	2.322: 
	2.321: 
	2.320: 
	2.319: 
	2.318: 
	2.317: 
	2.316: 
	2.315: 
	2.314: 
	2.313: 
	2.312: 
	2.311: 
	2.310: 
	2.309: 
	2.308: 
	2.307: 
	2.306: 
	2.305: 
	2.304: 
	2.303: 
	2.302: 
	2.301: 
	2.300: 
	2.299: 
	2.298: 
	2.297: 
	2.296: 
	2.295: 
	2.294: 
	2.293: 
	2.292: 
	2.291: 
	2.290: 
	2.289: 
	2.288: 
	2.287: 
	2.286: 
	2.285: 
	2.284: 
	2.283: 
	2.282: 
	2.281: 
	2.280: 
	2.279: 
	2.278: 
	2.277: 
	2.276: 
	2.275: 
	2.274: 
	2.273: 
	2.272: 
	2.271: 
	2.270: 
	2.269: 
	2.268: 
	2.267: 
	2.266: 
	2.265: 
	2.264: 
	2.263: 
	2.262: 
	2.261: 
	2.260: 
	2.259: 
	2.258: 
	2.257: 
	2.256: 
	2.255: 
	2.254: 
	2.253: 
	2.252: 
	2.251: 
	2.250: 
	2.249: 
	2.248: 
	2.247: 
	2.246: 
	2.245: 
	2.244: 
	2.243: 
	2.242: 
	2.241: 
	2.240: 
	2.239: 
	2.238: 
	2.237: 
	2.236: 
	2.235: 
	2.234: 
	2.233: 
	2.232: 
	2.231: 
	2.230: 
	2.229: 
	2.228: 
	2.227: 
	2.226: 
	2.225: 
	2.224: 
	2.223: 
	2.222: 
	2.221: 
	2.220: 
	2.219: 
	2.218: 
	2.217: 
	2.216: 
	2.215: 
	2.214: 
	2.213: 
	2.212: 
	2.211: 
	2.210: 
	2.209: 
	2.208: 
	2.207: 
	2.206: 
	2.205: 
	2.204: 
	2.203: 
	2.202: 
	2.201: 
	2.200: 
	2.199: 
	2.198: 
	2.197: 
	2.196: 
	2.195: 
	2.194: 
	2.193: 
	2.192: 
	2.191: 
	2.190: 
	2.189: 
	2.188: 
	2.187: 
	2.186: 
	2.185: 
	2.184: 
	2.183: 
	2.182: 
	2.181: 
	2.180: 
	2.179: 
	2.178: 
	2.177: 
	2.176: 
	2.175: 
	2.174: 
	2.173: 
	2.172: 
	2.171: 
	2.170: 
	2.169: 
	2.168: 
	2.167: 
	2.166: 
	2.165: 
	2.164: 
	2.163: 
	2.162: 
	2.161: 
	2.160: 
	2.159: 
	2.158: 
	2.157: 
	2.156: 
	2.155: 
	2.154: 
	2.153: 
	2.152: 
	2.151: 
	2.150: 
	2.149: 
	2.148: 
	2.147: 
	2.146: 
	2.145: 
	2.144: 
	2.143: 
	2.142: 
	2.141: 
	2.140: 
	2.139: 
	2.138: 
	2.137: 
	2.136: 
	2.135: 
	2.134: 
	2.133: 
	2.132: 
	2.131: 
	2.130: 
	2.129: 
	2.128: 
	2.127: 
	2.126: 
	2.125: 
	2.124: 
	2.123: 
	2.122: 
	2.121: 
	2.120: 
	2.119: 
	2.118: 
	2.117: 
	2.116: 
	2.115: 
	2.114: 
	2.113: 
	2.112: 
	2.111: 
	2.110: 
	2.109: 
	2.108: 
	2.107: 
	2.106: 
	2.105: 
	2.104: 
	2.103: 
	2.102: 
	2.101: 
	2.100: 
	2.99: 
	2.98: 
	2.97: 
	2.96: 
	2.95: 
	2.94: 
	2.93: 
	2.92: 
	2.91: 
	2.90: 
	2.89: 
	2.88: 
	2.87: 
	2.86: 
	2.85: 
	2.84: 
	2.83: 
	2.82: 
	2.81: 
	2.80: 
	2.79: 
	2.78: 
	2.77: 
	2.76: 
	2.75: 
	2.74: 
	2.73: 
	2.72: 
	2.71: 
	2.70: 
	2.69: 
	2.68: 
	2.67: 
	2.66: 
	2.65: 
	2.64: 
	2.63: 
	2.62: 
	2.61: 
	2.60: 
	2.59: 
	2.58: 
	2.57: 
	2.56: 
	2.55: 
	2.54: 
	2.53: 
	2.52: 
	2.51: 
	2.50: 
	2.49: 
	2.48: 
	2.47: 
	2.46: 
	2.45: 
	2.44: 
	2.43: 
	2.42: 
	2.41: 
	2.40: 
	2.39: 
	2.38: 
	2.37: 
	2.36: 
	2.35: 
	2.34: 
	2.33: 
	2.32: 
	2.31: 
	2.30: 
	2.29: 
	2.28: 
	2.27: 
	2.26: 
	2.25: 
	2.24: 
	2.23: 
	2.22: 
	2.21: 
	2.20: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	anm1: 
	1.55: 
	1.54: 
	1.53: 
	1.52: 
	1.51: 
	1.50: 
	1.49: 
	1.48: 
	1.47: 
	1.46: 
	1.45: 
	1.44: 
	1.43: 
	1.42: 
	1.41: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	anm0: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


